Abstract. Necessary and sufficient conditions on a measure governing two-weight inequality with the weights of power type for fractional integrals on nonhomogeneous spaces are established. Various applications are given, in particular to potentials with Radon and Hausdorff measures.
Introduction
The main goal of the present paper is to give a complete description of those measure spaces for which the two-weight estimate for potentials with measure holds, where the weights are of power type. This enables us to generalize the well-known classical theorem of E. M. Stein and G. Weiss [15] concerning the two-weight inequality
for the operator
f (y) |x − y| n−γ dy, 0 < γ < n,
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V. Kokilashvili and A. Meskhi in the case of non-doubling measures. The boundedness of the potential operatorT
x λ 2 (0, ∞), 1 < p ≤ q < ∞, was obtained by G. H. Hardy and J. E. Littlewood [9] (see also [14, p. 495] , and [13] for two-weight estimates with power weights for the operator T γ ).
For the first time weighted estimates for integral transforms with positive kernel defined on nonhomogeneous spaces (X, ρ, µ) were obtained in [7] (see also [8, Chapter 2] ), where the authors showed that the weak-type inequality
νB(x, 2N 0 r)
where N 0 is a positive constant depending on the quasimetric ρ; ν is another non-doubling measure on X, and w is a weight function defined on X. Using this result they have established necessary and sufficient conditions governing two-weight strong-type inequality for the operator K defined on measure spaces with quasimetric and doubling measure, i.e., spaces of homogeneous type (SHT) (see, e.g., [2] and [8] for the definition and some examples of SHT).
In [12] (see also [4, Chapter 6] ) a complete description of non-doubling measure µ guaranteeing the boundedness of the potential operator
, 1 < p < q < ∞, has been obtained. In the same paper theorems of Sobolev and Adams type for fractional integrals defined on nonhomogeneous spaces have been established. Analogous problems in the case of Euclidean spaces and curves were considered in [10, 11] . Some two-weight norm inequalities for fractional maximal functions and potentials on R n with non-doubling measure were studied in [6] .
The paper is organized as follows: In Section 2 we give a definition of nonhomogeneous spaces and some well-known results concerning fractional integrals on nonhomogeneous spaces. In Section 3 we formulate the main results of the paper, while in Section 4 we prove them. Constants (often different constants in the same series of inequalities) will generally be denoted by c.
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Preliminaries
Throughout the paper we assume that (X, ρ, µ) is a topological space X, endowed with a complete measure µ such that the space of compactly supported continuous functions is dense in L 1 (X, µ) and there exists a non-negative realvalued function (quasimetric) ρ : X × X −→ R 1 satisfying the conditions (i) ρ(x, x) = 0 for arbitrary x ∈ X; (ii) ρ(x, y) > 0 for arbitrary x, y ∈ X, x = y; (iii) there exists a positive constant a 0 such that for all x, y ∈ X the inequality holds ρ(x, y) ≤ a 0 ρ(y, x) holds; (iv) there exists a positive constant a 1 such that for arbitrary x, y, z ∈ X the inequality ρ(x, y) ≤ a 1 (ρ(x, z) + ρ(z, y)) holds; (v) for every neighbourhood V of the point x ∈ X there exists a positive number r such that the ball B(x, r) = {y ∈ X : ρ(x, y) < r} with center in x and radius r is contained in V ; (vi) the balls B(x, r) are measurable for all x ∈ X, r > 0 and, in addition, 0 < µB(x, r) < ∞. The spaces (X, ρ, µ) with the above mentioned properties are called nonhomogeneous spaces. We shall also assume that µ(X) = ∞, µ{a} = 0 for all a ∈ X; and B(x, r 2 )\B(x, r 1 ) = ∅ for all x, r 1 and r 2 (x ∈ X, 0 < r 1 < r 2 < ∞).
Let w be µ-a.e. positive function on X. We denote by L p w (X) (1 ≤ p < ∞) the weighted Lebesgue space which is the class of all µ-measurable functions
We consider the integral operator of the form
The next statement is from [12] (see also [4, Theorem 6.1.1]). 
for arbitrary balls B(x, r).
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V. Kokilashvili and A. Meskhi In particular, from Theorem A it follows (see Corollary 6.1.1 of [4] )
if and only if µB(x, r) ≤ cr, where the constant c is independent of x and r.
The latter statement by the different proof was also derived in [5] for metric spaces. We shall need the following Hardy-type transforms defined on X:
where x 0 is a fixed point of X. The next statement is from [3] (see also [4, Section 1.1]).
Theorem C. Let 1 < p ≤ q < ∞. Suppose that v and w are µ-a.e. positive functions on X. Then:
Moreover, there exist positive constants c j , j = 1, · · · 4, depending only on p and q such that
The main results
In this section we formulate the main results of this paper.
with the positive constant c independent of f and x 0 , x 0 ∈ X, holds if and only if
µB(a, r) r < ∞.
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Remark 3.3. Note that if 1 < p < q < ∞ and 0 < α <
for example, for the one-dimensional potential
for all x ∈ R and r > 0. Passing r to 0 we see that (4) will not remain valid unless v
¿From Theorem 3.1 it is easy to obtain the following corollary for the operator . Then the inequality
where the positive constant c does not depend on x 0 and f , holds if and only if the measure µ satisfies the condition (2).
Theorem 3.1 can be also formulated in the following form:
Theorem 3.1'. Let n be a positive number. Suppose that 1 < p ≤ q < ∞,
, αp − n < β < n(p − 1) and λ = q(
for the operator µB(a, r) r n < ∞.
¿From Corollary 3.4 we can derive
We now apply the Theorems 3.1 and 3.1' to some special measure spaces. Proposition 3.6. Let m be a Radon measure on C. Suppose that 1 < p ≤ q < ∞,
with the positive constant c independent of f and z 0 , z 0 ∈ C, holds if and only if m is a Carleson measure.
Let γ be a simple locally rectifiable curve in the plane and let ν be a measure on γ given by ν(A) := |γ ∩ A|, where |γ ∩ A| is a length of γ ∩ A. Then ν is a Carleson measure if and only if γ is a regular (Carleson) curve, i.e., there exists a positive constant c such that the inequality ν(γ ∩ D(z, r)) ≤ cr holds for all z ∈ C and r > 0. For r smaller than half the diameter of γ, the reverse inequality ν(γ ∩ D(z, r)) ≥ r holds for all z ∈ C. Note that there exist nonregular curves (see, e.g., [1, pp. 5/6]). We have the next statement for the operator
Proposition 3.7. Let γ be a regular curve with ν(γ) = ∞. Suppose that 1 < p ≤ q < ∞,
Then there exists a positive constant c such that the inequality
holds for all z 0 ∈ γ and f .
Now we consider the case of s-sets. Let Γ be a subset of R n which is an s-set (0 ≤ s ≤ n) in the sense that there is a Borel measure µ on R n such that (a) supp µ = Γ; (b) there are positive constants c 1 and c 2 such that for all x ∈ Γ and all r ∈ (0, 1), c 1 r
It is known (see [16, Theorem 3.4] ) that µ is equivalent to the restriction of the Hausdorff s-measure H s to Γ. We shall thus identify µ with H s | Γ . Given x ∈ Γ, put Γ(x, r) = B(x, r) ∩ Γ. Let
with the positive constant c independent of f and x 0 , holds.
Note that since the Cantor set in R n is an s-set (see [16, 4.9] ), where
we can obtain two-weighted estimate for potentials on a Cantor set in R n . For the theorem of Sobolev type and other weighted results for fractional integrals defined on curves and s-sets see [10, 11] .
Proof of the main results
We now are ready to prove the main results.
Proof of Theorem 3.1. Necessity. Let us put the function f x 0 ,r (x) = χ B(x 0 ,r)\B(x 0 ,r/2) (x) in (1). Then it is easy to see that
On the other hand,
Summarizing these estimates and taking into account that the inequality (1) is independent of x 0 and r, we have µ(B(x 0 , r) \ B(x 0 , r/2))
By the condition of the theorem we have
Sufficiency. Let f ≥ 0. Let us introduce the following notation:
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We have 
